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Abstract
Inspired by the neutrino oscillations data, we consider the exact µ− τ symmetry, implemented
at the level of the neutrino mass matrix, as a good initial framework around which to study and
describe neutrino phenomenology. Working in the diagonal basis for the charged leptons, we deviate
from µ − τ symmetry by just modifying the phases of the neutrino mass matrix elements. This
deviation is enough to allow for a non-vanishing neutrino mixing entry |Ve3| (i.e. θ13) but it also
gives a very stringent (and eventually falsifiable) prediction for the atmospheric neutrino mixing
angle |Vµ3| as a function of |Ve3|. We also find that when the breaking by phases is limited to a
single phase, this can lead to interesting upper or lower bounds on the allowed mass for the lightest
neutrino depending on the ordering of neutrino masses (normal or inverted) and on the value of the
Dirac CP violating phase δCP . The allowed parameter space for the effective Majorana neutrino
mass mee is also severely constrained in that case.
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I. INTRODUCTION
Neutrinos are some of the most elusive particles of the Standard Model (SM) since they
interact mainly through weak processes. Nevertheless, and thanks to the many succesful
neutrino and collider experiments over the past decades, we now have a pretty good under-
standing of the main features of the lepton sector in particle physics. Indeed we now know
that neutrinos are massive but extremely light, and that their individual masses are very
similar. The leptonic mixing angles, contrary to the quark mixing angles are large and in
fact, the relatively recent results from T2K [1], Double Chooz [2], RENO [3] and Daya Bay
[4] Collaborations confirm that even the angle θ13 of the neutrino mixing matrix is not that
small.
We start this study with the observation that the data from neutrino oscillations seem to
show an approximate symmetry between the second and third lepton families, also referred
to as µ− τ symmetry [5–7] (see also [8]). Exact µ− τ symmetry when implemented at the
level of the Majorana neutrino mass matrix Mν , leads to the following relations between its
elements, namely M12 = M13 and M22 = M33. The neutrino mass matrix Mν can thus be
written as
Mµ−τν =

m11 m12 m12
m12 m22 m23
m12 m23 m22
 (1)
where all entries are complex. This particular texture, as well as different types of corrections
to it have been studied largely in the literature [9]. In particular, when implemented in
the basis where the charged lepton mass matrix Ml is diagonal, the texture leads to the
vanishing of the mixing angle |Ve3|, which also implies a vanishing of the Dirac measure of
CP violation (even though the phase δCP appearing in the usual PMNS parametrization
remains undefined), as well as a maximal atmospheric mixing angle |Vµ3| = 1√2 . The mixing
matrix can then be described with a single free parameter (to be fixed experimentally by
the solar neutrino mixing).
Vµ−τ =

cos(θ) sin(θ) 0
− sin(θ)√
2
cos(θ)√
2
− 1√
2
− sin(θ)√
2
cos(θ)√
2
1√
2
 . (2)
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Also note that the neutrino masses m1, m2 and m3 remain free parameters in the limit
of exact µ-τ symmetry. Nevertheless experimental data constrain the differences of these
masses squared, with two possible orderings, Normal and Inverted such that we have only
one free neutrino mass parameter, i.e the lightest mass eigenvalue:
• Normal hierarchy (m1 lightest): |m2| =
√
∆2sol +m
2
1 and |m3| =
√
∆2atm +m
2
1
• Inverted hierarchy(m3 lightest): |m2| =
√
∆2sol +m
2
1 and |m1| =
√
∆2atm +m
2
3
The latest neutrino mixing global best fits [10, 11] lead to
|V expe3 |2(NO) = 0.0216+0.0008−0.0007 (3)
|V expe3 |2(IO) = 0.0222+0.0007−0.0008 (4)
|V expe2 |2 = 0.313+0.020−0.016 (5)
|V expµ3 |2(NO) = 0.535+0.020−0.029 (6)
|V expµ3 |2(IO) = 0.539+0.018−0.030 (7)
δCP/pi (NO) = 1.21
+0.21
−0.15 (8)
δCP/pi (IO) = 1.56
+0.13
−0.15 (9)
and
∆2sol =
(
7.55+0.20−0.16
)× 10−5eV2 (10)
∆2atm = (2.50± 0.03)× 10−3eV2 for NO (11)
∆2atm =
(
2.42+0.03−0.04
)× 10−3eV2 for IO (12)
We see that the predicted values by µ-τ symmetry for |V23| and |Vµ3| are quite close to the
experimental values. Nevertheless |Ve3| is clearly measured to be non-zero (albeit relatively
small) and thus the symmetry should be somehow modified or broken in a controlled way.
We propose to modify the symmetric structure of the neutrino mass matrix of Eq. (1) by
adding phases that will break the exact 2− 3 permutation symmetry.
II. PHASE BREAKING OF µ− τ SYMMETRY
Within the paradigm of µ−τ symmetry, we can implement minimal deviations at the level
of the effective neutrino mass matrix Mν given in Eq.(1) by adding phases to its elements [12]
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(while maintaining its complex symmetric nature).1 With this approach, the most general
“phase broken” µ− τ mass matrix can always be written as
Mν ≡

M11 M12 M13
M12 M22 M23
M13 M23 M33
 =

m11 m12e
−iα m12eiα
m12e
−iα m22e−iσ m23
m12e
iα m23 m22e
iσ
 , (13)
where all mij parameters are complex, and only two independent phases break the µ − τ
permutation symmetry (here denoted by α and σ). The phenomenological consequences
of this texture should depart smoothly from the usual µ − τ symmetry predictions, which
correspond to the the limits α→ 0 and σ → 0. We have dubbed this ansatz as phase-broken
µ− τ symmetry and it can also obviously be described by the two conditions |M12| = |M13|
and |M22| = |M33| on the elements of the neutrino mass matrix. The benefits of the particular
parametrization of Eq.(13) is that it naturally includes the case of µ−τ reflection symmetry
[6, 15] (see also for example [16–18] for more recent references and references therein) as a
special example of phase-broken µ− τ symmetry.2
In our study, we will first consider the general consequences of phase broken µ− τ sym-
metry, and then we will focus on two special cases, in which we will allow for only one of the
independent phases to be free. The first case will correspond to imposing M22 = M33 and
|M12| = |M13| (i.e. set σ = 0 in Eq. (13)). The second case will correspond to M12 = M13
and |M22| = |M33| (i.e. α = 0 in Eq. (13)). These two cases are special cases of breaking
µ− τ permutation symmetry with a single phase.
A. Phase-broken µ-τ : the general case
The neutrino mass matrix from Eq.(13) must be diagonalized in order to go to the
neutrino physical basis. The relationship between the mass matrix and the mass eigenvalues
is
Mij = |ml|VilVjl (14)
1 See also [13] for a similar approach of phase breaking but at the level of the mixing matrix in the context
of tri-bimaximal mixing [14].
2 We will refer to the usual µ − τ symmetry as µ − τ permutation symmetry (leading to the constraints
M12 = M13 and M22 = M33) and on the other hand we will refer to µ − τ reflection symmetry to the
symmetry that leads to M12 = M
∗
13 and M22 = M
∗
33, with the further requirement that M23 and M11 be
real.
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Such that in particular
M22 = |m1|V 2µ1 + |m2|V 2µ2 + |m3|V 2µ3 (15)
M33 = |m1|V 2τ1 + |m2|V 2τ2 + |m3|V 2τ3 (16)
M12 = |m1|Ve1Vµ1 + |m2|Ve2Vµ2 + |m3|Ve3Vµ3 (17)
M13 = |m1|Ve1Vτ1 + |m2|Ve2Vτ2 + |m3|Ve3Vτ3 (18)
The neutrino mixing matrix VPMNS can be parametrized as
VPMNS =

|Ve1| |Ve2|eiη |Ve3|ei(ξ−δCP )
Vµ1 Vµ2 −|Vµ3|eiξ
Vτ1 Vτ2 |Vτ3|eiξ
 (19)
where δCP is the so-called Dirac phase and η and ξ are the so-called Majorana phases and
where the entries are constrained by unitarity, i.e.
Vµ1 = −|Ve2||Vτ3| − |Ve1||Vµ3||Ve3|e
iδCP
(1− |Ve3|2) (20)
Vµ2 =
(|Ve1||Vτ3|+ |Ve2||Vµ3||Ve3|eiδCP )eiη
(1− |Ve3|2) (21)
Vτ1 = −|Ve2||Vµ3|+ |Ve1||Vτ3||Ve3|e
iδCP
(1− |Ve3|2) (22)
Vτ2 =
(|Ve1||Vµ3| − |Ve2||Vτ3||Ve3|eiδCP )eiη
(1− |Ve3|2) (23)
With all these tools, we can now enforce that |M22| = |M33| and |M12| = |M13|, and we
can show that if we treat |Ve3| and the mass ratio parameter r = ∆
2
sol
∆2atm
as perturbative
parameters, the magnitude of the atmospheric mixing angle Vµ3 becomes,
(|Vµ3|2)NO = 1
2
− |Ve3|
2
2
− r |Ve1||Ve2||Ve3| cos δCP + O(r2, |Ve3|3) (24)
for the case of normal (NO) mass hierarchy, and
(|Vµ3|2)IO = 1
2
− |Ve3|
2
2
+ r |Ve1||Ve2||Ve3| cos δCP + O(r2, |Ve3|3) (25)
for the case of inverted (IO) mass hierarchy.
This is one of the main results of this paper, as it represents a general prediction for
the value of |Vµ3| when µ-τ symmetry is broken by phases. The NO and IO hierarchies
predict slightly different values, but the difference scales as r|Ve3|. Due to the measured
smallness of both r and |Ve3|, the different contribution from either mass hierarchy regime
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is subdominant for any value of the Dirac phase δCP . Still, the scenario predicts that |Vµ3|
lies in the first octant (|Vµ3|2 < 12), with the deviation set by |Ve3|2/2. A distinction between
NO and IO in the predicted value of |Vµ3| is a very interesting result, although challenging
to test experimentally.
It is also possible to extract a revealing analytical expression for the mixing angle |Ve3|
in terms of the neutrino mass matrix elements (as defined in Eq.(13)) as well as in terms of
∆2sol, ∆
2
atm ,|Ve2| and δCP . We find
|Ve3| ' ± 2N1
∆2sol∆
2
atm|Ve2|
√
1− |Ve2|2
sin(σ − 2α) (26)
where N1 depends only on mass matrix elements as
N1 =
√(
Im(a∗b)
)2
+
4
(∆2atm)
2
[
(|b|2 − |a|2)Re(c) + d
(
Re(ab∗) + |b|2 cos (σ − 2α)
)]2
(27)
with a = m11m
∗
12 + m12m
∗
23, b = m12m
∗
22, c = m22m
∗
23 and d = |m12|2. The main message
from this expression is how indeed we can recover exact µ-τ symmetry by setting α = σ = 0,
in which case |Ve3| vanishes. Note that within our phase-broken µ-τ ansatz, |Ve3| also vanishes
for the special case when the phases σ and α are such that σ = 2α.
The above expression also shows that in the limit of µ-τ reflection symmetry (which in this
context is a particular case of phase-broken µ-τ), |Ve3| does not necessarily vanish. Indeed in
that limit the matrix elements m11, m12, m23 and m22 are all real and the smallness of |Ve3|
can either be caused by the smallness of N1, or due to a small value of the phase difference
σ − 2α.
B. Broken µ-τ with a single relative phase between M12 and M13
We will now focus on the case of a single phase breaking µ-τ symmetry and we first
take the case σ = 0 and α 6= 0. In terms of the mass matrix elements, the constraints are
M22 = M33 and |M12| = |M13|.
The neutrino mass matrix can thus be written as
Mν ≡

M11 M12 M13
M12 M22 M23
M13 M23 M33
 =

m11 m12e
−iα m12eiα
m12e
−iα m22 m23
m12e
iα m23 m22
 , (28)
where all the mij are complex.
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In the general phase-broken µ-τ limit we had two real constraints on the elements of
the mass matrix, namely |M22| = |M33| and |M12| = |M13| and this lead to the prediction
for |Vµ3| of Eqs. (49) and (50). Now there is an additional constraint on the mass matrix
elements since one of the is a constraints is a complex equation, so that there are overall
three real constraints, namely |M22| = |M33|, Arg(M22) = Arg(M33) and |M12| = |M13|;
this will lead to new bounds in the model parameters specific to this particular case.
From the (complex) condition M22 = M33, we can obtain a relationship between neutrino
masses and mixings (as defined in Eq.(19)), namely
|m3|e2iξ = |m1|
(V 2µ1 − V 2τ1)
(|Vτ3|2 − |Vµ3|2) + |m2|
(V 2µ2 − V 2τ2)
(|Vτ3|2 − |Vµ3|2) . (29)
his complex equation contains the Dirac CP phase δCP as well as the Majorana phases η et
ξ (within the expressions for the Vij as given in Eqs.(20)-(23)). The phase ξ only appears
on the left-hand side of the equation and we can thus eliminate its explicit dependence by
multiplying the equation by the complex conjugate equation.
The new (squared) equation will not depend anymore on the Majorana phase ξ but will
still depend on the Majorana phase η as
A1 + A2 cos(2η) + A3 sin(2η) = 0 (30)
where the terms A1, A2 and A3 are all real and independent of the Majorana phases ξ and
η, and depend only on mixing angles, neutrino masses and δCP . Their expressions are given
in the appendix, but the main point we want to make here is that in order for equation
Eq.(30) to be verified, it is necessary that
A22 + A
2
3 − A21 ≥ 0 (31)
Since the mixing angle |Vµ3| is given by Eq.(49) or Eq.(50) depending on the mass hierarchy,
we will just need to fix the values of the mixing angles |Ve3| and |Ve2| to their experimental
value as well as the values for ∆2sol and ∆
2
atm. This leaves the value of δCP and the mass of
the lightest neutrino as the only free parameters in the inequality from Eq.(31), which could
therefore become a lower or upper bound on the lightest neutrino mass as a function of the
Dirac phase.
Treating again |Ve3| and the mass ratio r = ∆
2
sol
∆2atm
as small parameters, the above inequal-
ity in the normal hierarchy case leads to
|m1|2 ≥ ∆
2
atm
sin 2δCP
+ O(r, |Ve3|2) (NO) (32)
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FIG. 1. General bounds on the lightest neutrino mass as a function of the dirac CP phase δCP
in the case where the symmetric neutrino mass matrix elements are subject to the constraints
M22=M33 and |M12|=|M13|. In the left panel we consider the normal hierarchy spectrum while
in the right panel we consider the inverted hierarchy. These bounds are obtained after using the
experimental values for the mixing angles |Ve3| and |Ve2| as well as for the mass differences ∆2sol
and ∆2atm (as given in Eqs.(3)-(10)). With all these experimental values |Vµ3| is also fixed as it is
not independent in this model.
where m1 represents the mass of the lightest neutrino in this case. In the inverted hierarchy
case, the inequality becomes
|m3|2 ≥ ∆2atm
±1− sin 2δCP
sin 2δCP
+ O(r, |Ve3|2) (IO) (33)
where m3 represents the mass of the lightest neutrino in this case.
From Eq.(29) it is also possible to eliminate the explicit dependance on the phase η, by
isolating the third term of the equation, and again multiplying by the complex conjugate of
the new equation. This will lead to a second equation
A4 + A5 cos(2ξ) + A6 sin(2ξ) = 0 (34)
where again the terms A4, A5 and A6 are all real and independent of the Majorana phases
ξ and η and depend only on mixing angles, neutrino masses and δCP . Their expressions are
similar to the expressions for A1, A2 and A3 and for the sake clarity they will be given in
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FIG. 2. Allowed values of the effective Majorana mass mee in terms of the lightest neutrino mass
in phase-broken µ-τ , with M22 = M33 (green-dark thin bands). In white is the currently allowed
parameter space constrained by the experimental data on neutrino masses and mixings. We add
also the latest constraints coming from cosmology on the lightest neutrino mass. We can see that
the scenario predicts mee to have its largest possible mass, and thus makes the ansatz testable in
the ongoing and future neutrino experiments [19].
the appendix. Again, in order for equation Eq.(34) to be verified, it is necessary that
A25 + A
2
6 − A24 ≥ 0 (35)
which again can become a different lower or upper bound on the lightest neutrino mass, as
a function of the Dirac phase.
All bounds coming from the two inequalities (31) and (35) are put together and shown in
Figure 1, for the cases of normal hierarchy and inverted hierarchy, and with the mixing angles
and mass differences fixed by experimentyal data. We can see that there are very strong lower
bounds on the lightest neutrino mass, and also that the exact values of δCP = 0,±pi/2,±pi
are not allowed in both mass hierarchy orderings.
Another interesting phenomenological aspect to consider is the effective Majorana neu-
trino mass which is given by
|mee| = ||m1||Ve1|2 + |m2||Ve2|2e2iη + |m3||Ve3|2e2i(ξ−δCP )| (36)
9
Future experiments will be sensitive to an important region of the allowed parameter space,
and it is interesting to see how the strong lower bounds on the lightest neutrino mass affect
this observable as shown in Figure 2.
C. Broken µ-τ with a single relative phase between M22 and M33
In this second case, we will consider another option for a single phase breaking of µ-τ
symmetry by taking now σ 6= 0 and α = 0. In terms of the mass matrix elements, the
constraints are M12 = M13 and |M22| = |M33|.
In this case the neutrino mass matrix can be written as
Mν ≡

M11 M12 M13
M12 M22 M23
M13 M23 M33
 =

m11 m12 m12
m12 m22e
−iσ m23
m12 m23 m22e
iσ
 , (37)
where all the mij are complex.
Again we have three overall real constraints, two from the complex equation M12 = M13
and one from |M22| = |M33|; these will lead to new bounds in the model parameters for this
particular case.
The complex condition M12 = M13 leads to
|m1||Ve1|(Vµ1 − Vτ1) + |m2|eiη|Ve2|(Vµ2 − Vτ2) = |m3|ei(2ξ−δCP )|Ve3|(|Vτ3| − |Vµ3|) (38)
This complex equation contains the Dirac CP phase δCP as well as the Majorana phases η
et ξ (within the expressions for the Vij as given in Eqs.(20)-(23)). Just like in the previous
case, it is possible to eliminate the explicit dependence on ξ from this equation by isolating
terms proportional to that phase and then multiplying by the complex conjugate equation.
This leads to the equation
B1 +B2 cos(2η) +B3 sin(2η) = 0 (39)
where the terms B1, B2 and B3 are all real and all independent of the Majorana phases ξ
and η, and depend only on mixing angles, neutrino masses and δCP . Their exact expressions
are given in the appendix
Following the same procedure, we can eliminate from Eq.() the dependance on η and
obtain a second equation
B4 +B5 cos(2ξ) +B6 sin(2ξ) = 0 (40)
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where again the terms B4, B5 and B6 are all real and all independent of the Majorana phases
ξ and η, and depend only on mixing angles, neutrino masses and δCP , and their expressions
are given in the appendix.
In order for both equations (39) and (40) to be verified it is necessary to have
B22 +B
2
3 −B21 ≥ 0 (41)
and
B25 +B
2
6 −B24 ≥ 0 (42)
The bounds coming from these two inequalities are put together and shown in Figure
3, for the cases of normal hierarchy and inverted hierarchy, and with the mixing angles
and mass differences fixed by experimentyal data. The left panel corresponds to normal
hierarchy, and it is clearly featureless but we keep it to make the point that all parameter
space is excluded for this case. That means that if we break µ-τ symmetry with a single
phase among the elements M22 and M33, normal hierarchy is forbidden and only inverted
hierarchy is allowed, although still the lightest neutrino mass is quite restricted as shown in
the right panel, with almost no dependence on the dirac phase δCP .
Future experiments will be sensitive to an important region of the allowed parameter
space, and it is interesting to see how the strong lower bounds on the lightest neutrino mass
affect this observable, as shown in Figure 4.
III. CONCLUSIONS
In this paper we have considered deviations from the usual µ-τ symmetry framework by
adding general phases to a µ-τ symmetric neutrino mass matrix. We called the obtained
framework phase-broken µ-τ symmetry and studied its general predictions.
The atmospheric mixing angle |Vµ3| is predicted to lie in the first octant (|Vµ3|2 < 12),
with the deviation set by |Ve3|2/2. Also a different value for |Vµ3| is predicted for the cases of
NO hierarchy and IO hierarchy, although the difference is numerically very small and thus
will be quite challenging to test experimentally.
Also an expression for Ve3 was derived, and its form shows how in this anstaz it is possible
to have a non-zero value for it thanks to the phases σ and α introduced to break the full
11
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FIG. 3. General bounds on the lightest neutrino mass as a function of the dirac CP phase δCP
in the case where the symmetric neutrino mass matrix elements are subject to the constraints
M12=M13 and |M22|=|M33|. The left panel shows that normal hierarchy is not allowed in this
range of masses (it opens up for masses larger than 1eV ) and only inverted hierarchy is possible,
still with an important lower bound on the lightest mass. These bounds are obtained after using
the experimental values for the mixing angles |Ve3| and |Ve2| as well as for the mass differences ∆2sol
and ∆2atm (as given in Eqs.(3)-(10)). With all these experimental values |Vµ3| is also fixed as it is
not independent in this model.
µ-τ symmetry. Indeed the smallness of Ve3 can be tracked either by small phases σ and α,
or by a small phase difference (σ − 2α), or simply due to the structure and relative size of
the rest of mass matrix elements.
We then focused on two special cases within the general framework of phase-broken µ-τ ,
namely the cases where only one phase is responsible to break µ-τ symmetry. We studied
first the case α 6= 0 and σ = 0 (M22 = M33 and |M12| = |M13|) and then we studied
the opposite situation α = 0 and σ 6= 0 (M12 = M13 and |M22| = |M33|). In both cases
surprisingly we could make strong predictions on the neutrino mass hierarchy as well as on
the possible value of the Dirac phase δCP .
In both cases studied, normal mass hierarchy (NO) is excluded or heavily disfavored,
either due to bounds on the model coming from neutrino experiments data or from cosmo-
logical constraints on the lightest neutrino mass.
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FIG. 4. Allowed values of the effective Majorana mass mee in terms of the lightest neutrino mass
in phase-broken µ-τ , with M12 = M13 (green-dark thin bands). In white is the currently allowed
parameter space constrained by the experimental data on neutrino masses and mixings. We add
also the latest constraints coming from cosmology on the lightest neutrino mass. We can see that
in this case the ansatz predicts mee any value within the allowed inverted parameter space, but
the mass of the lightest neutrino is bounded from below again making the ansatz very interesting
in the light of the ongoing and future neutrino experiments [19].
In the case of inverted mass hierarchy (IO) the two special cases lead to different predic-
tions.
• In the first case, the lightest neutrino mass shows a very strong dependance with the
Dirac phase δCP , such that values of that phase close to 0 or ±pi/2 are excluded or
hevily disfavored by both direct experiments and cosmological bounds. The prediction
is then that the possible values for δCP are around ±pi/4 or ±3pi/4. Also the value of
the effective Majorana mass is in the highest range possible, so that it will be testable
in the near future.
• In the second special case, there is almost no correlation between the Dirac phase δCP
and the lightest neutrino mass, but in this case there is a general lower bound on the
mass of the lightest neutrino at around m3 ≥ 2× 10−2 eV. The value of the effective
13
Majorana mass is not really bound within its allowed range, but it is very correlated
to the lightest neutrino mass so that measuring one would lead to a prediction of
the other. Since these masses are on the higher range testing this ansatz can also be
possible in the near future.
Finally, what remains to be seen in the future is which of the particular results obtained
in these two special cases of phase broken µ-τ are general predictions of our framework with
general phases. Further studies in these directions are in progress.
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V. APPENDIX: ANALYTICAL RESULTS
In this appendix, we give the exact analytical expressions coming from the imposition
of M22 = M33 combined with |M12|=|M13| and M12 = M13 combined with |M22|=|M33|.
For our purpose, it is more transparent to work with the hermitian mass matrix Hν , where
Hν = MνM
†
ν .
Hν =

ρ y h
y∗ β f
h∗ f ∗ d
 (43)
The elements of Hν can be expressed in terms of the masses and the mixing elements |Vij|2.
ρ = |m1|2 + (|m2|2 − |m1|2)|Ve2|2 + (|m3|2 − |m1|2)|Ve3|2
β = |m1|2 + (|m2|2 − |m1|2)|Vµ2|2 + (|m3|2 − |m1|2)|Vµ3|2
d = |m1|2 + (|m2|2 − |m1|2)|Vτ2|2 + (|m3|2 − |m1|2)|Vτ3|2
y = (|m1|2 − |m2|2)Ve1V ∗µ1 + (|m3|2 − |m2|2)Ve3V ∗µ3
h = (|m1|2 − |m2|2)Ve1V ∗τ1 + (|m3|2 − |m2|2)Ve3V ∗τ3
f = (|m1|2 − |m2|2)Vµ1V ∗τ1 + (|m3|2 − |m2|2)Vµ3V ∗τ3 (44)
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A. Analytical Treatment of the General Case |M22| = |M33| with |M12|=|M13|
Let us begin with the general case which corresponds to |M22| = |M33| with |M12| = |M13|.
This case |M22| = |M33| with |M12| = |M13| at the level of the neutrino mass matrix Mν
corresponds to the case β = d at the level of Hν = MνM
†
ν . Since |M22| = |M33| with
|M12| = |M13| is equivalent to β = d, it is sufficient to choose along β = d either |M22| = |M33|
or |M12| = |M13|. Many equations share the same expressions and it is worth to define them
first.
X = |Vτ3|2 − |Vµ3|2
D = 4|Ve1||Ve2||Ve3||Vµ3||Vτ3|
G1 = X
[|Ve2|2 − |Ve1|2|Ve3|2e2iδCP ]−DeiδCP
G2 = X
[|Ve1|2 − |Ve2|2|Ve3|2e2iδCP ]+DeiδCP (45)
From the condition β = d, we obtain,
(|m3|2 − |m1|2)X(1− |Ve3|2)2 = (|m2|2 − |m1|2)
[
X[|Ve1|2 − |Ve2|2|Ve3|2] +D cos(δCP )
]
(46)
For a normal neutrino mass spectrum, ∆2sol = |m2|2 − |m1|2, ∆2atm = |m3|2 − |m1|2 and
r =
∆2sol
∆2atm
, we express the constraint in a way that is easier to extract the atmospheric
mixing angle |Vµ3| from the condition β = d.
X
[
(1− |Ve3|2)2 − r[|Ve1|2 − |Ve2|2|Ve3|2]
]
= rD cos(δCP ) (47)
And for an inverted spectrum, ∆2atm = |m1|2 − |m3|2, we obtain,
X
[
(1− |Ve3|2)2 + r[|Ve1|2 − |Ve2|2|Ve3|2]
]
= −rD cos(δCP ) (48)
From these equations one can extract the atmospheric neutrino mixing angle by expanding
in powers of the small parameters |Ve3| and the mass ratio parameter r = ∆
2
sol
∆2atm
. We obtain
(|Vµ3|2)NO = 1
2
− |Ve3|
2
2
− r |Ve1||Ve2||Ve3| cos δCP + O(r2, |Ve3|3) (49)
for the case of normal (NO) mass hierarchy, and
(|Vµ3|2)IO = 1
2
− |Ve3|
2
2
+ r |Ve1||Ve2||Ve3| cos δCP + O(r2, |Ve3|3) (50)
for the case of inverted (IO) mass hierarchy.
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B. Analytical Treatment of the Case M22 = M33 and |M12|=|M13|
From the condition M22 = M33, we obtain a relation between masses and mixing as,
|m3|e2iξ = |m1|
(V 2µ1 − V 2τ1)
(|Vτ3|2 − |Vµ3|2) + |m2|
(V 2µ2 − V 2τ2)
(|Vτ3|2 − |Vµ3|2) (51)
Using the above definitions, we can express the condition M22 = M33 in a compact form.
|m3|X(1− |Ve3|2)2e2iξ = |m1|G1 + |m2|e2iηG2 (52)
1. Equation for the phase η
To obtain an equation involving only one Majorana phase, for example η, we take the
moduli of the above equation. We then rearrange the terms in the resulting equation such
that,
A1 + A2 cos(2η) + A3 sin(2η) = 0 (53)
where,
A1 = |m1|2|G1|2 + |m2|2|G2|2 − |m3|2X2(1− |Ve3|2)4
A2 = 2|m1||m2|Re(G1G∗2)
A3 = 2|m1||m2|Im(G1G∗2)
A22 + A
2
3 = 4|m1|2|m2|2|G1|2|G2|2 (54)
There are two sets of solutions for the phase η.
cos(2η) =
−A1A2 + A3
√
A22 + A
2
3 − A21
A22 + A
2
3
sin(2η) =
−A1A3 − A2
√
A22 + A
2
3 − A21
A22 + A
2
3
(55)
and,
cos(2η) =
−A1A2 − A3
√
A22 + A
2
3 − A21
A22 + A
2
3
sin(2η) =
−A1A3 + A2
√
A22 + A
2
3 − A21
A22 + A
2
3
(56)
To obtain real solutions, the combination in the square root, A22 +A
2
3−A21, must be positive
or nil.
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2. Equation for the phase ξ
To obtain an equation for ξ, we write,
|m2|e2iηG2 = |m3|X(1− |Ve3|2)2e2iξ − |m1|G1 (57)
Using the same procedure to eliminate the phase η, we obtain,
A4 + A5 cos(2ξ) + A6 sin(2ξ) = 0 (58)
where,
A4 = |m2|2|G2|2 − |m1|2|G1|2 − |m3|2X2(1− |Ve3|2)4
A5 = 2|m1||m3|X(1− |Ve3|2)2Re(G1)
A6 = 2|m1||m3|X(1− |Ve3|2)2Im(G1)
A25 + A
2
6 = 4|m1|2|m3|2X2(1− |Ve3|2)4|G1|2 (59)
Again, we must have that A25 + A
2
6 − A24 to be positive or nil.
C. Analytical Treatment of the Case M12 = M13 and |M22|=|M33|
As for the second condition namely M12 = M13, we have,
|m1||Ve1|(Vµ1 − Vτ1) + |m2|eiη|Ve2|(Vµ2 − Vτ2) = |m3|ei(2ξ−δCP )|Ve3|(|Vτ3| − |Vµ3|) (60)
Define,
Q = |Vτ3| − |Vµ3|
S = |Vτ3|+ |Vµ3|
H1 = |Ve1|
[−Q|Ve2|+ S|Ve1||Ve3|eiδCP ]
H2 = |Ve2|
[
Q|Ve1|+ S|Ve2||Ve3|eiδCP
]
H1 +H2 = S|Ve3|(1− |Ve3|2)eiδCP (61)
The condition M12 = M13 can be written in a compact form.
|m3|Q|Ve3|(1− |Ve3|2)ei(2ξ−δCP ) = |m1|H1 + |m2|e2iηH2 (62)
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1. Equation for the phase η
Following the same procedure, we obtain,
B1 +B2 cos(2η) +B3 sin(2η) = 0 (63)
where,
B1 = |m1|2|H1|2 + |m2|2|H2|2 − |m3|2Q2|Ve3|2(1− |Ve3|2)2
B2 = 2|m1||m2|Re(H1H∗2 )
B3 = 2|m1||m2|Im(H1H∗2 )
B22 +B
2
3 = 4|m1|2|m2|2|H1|2|H2|2 (64)
The combination in the square root, B22 +B
2
3 −B21 , must be positive or nil.
2. Equation for the phase ξ
For ξ, we write,
|m2|e2iηH2 = |m3|Q|Ve3|(1− |Ve3|2)ei(2ξ−δCP ) − |m1|H1 (65)
Define,
H3 = Q|Ve3|(1− |Ve3|2)e−iδCP (66)
Such that,
|m2|e2iηH2 = |m3|H3e2iξ − |m1|H1 (67)
Getting rid of the phase η, we obtain,
B4 +B5 cos(2ξ) +B6 sin(2ξ) = 0 (68)
where,
B4 = |m2|2|H2|2 − |m1|2|H1|2 − |m3|2|H3|2
B5 = 2|m1||m3|Re(H1H∗3 )
B6 = 2|m1||m3|Im(H1H∗3 )
B25 +B
2
6 = 4|m1|2|m3|2|H1|2|H3|2 (69)
We must have that B25 +B
2
6 −B24 to be positive or nil.
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